J h Vectors, Force and Velocity
Sma rterMat S e we review the important 2021 question that looked at vectors within a motion

theme, along with multiple questions looking at vectors and force;
e questions modelled off the NESA Ext1 sample exam are reviewed.

Thank you for subscribing to SmarterMaths Teacher Edition (Silver) in 2022.
Vectors and Geometry

Key features of the “2022 HSC Comprehensive Revision Series”:

« ~13 hours of cherry picked HSC revision questions by topic e a challenging area allocated 4-marks in the 2021 exam and 1 mark in 2020;

e questions from a wide range of difficulty levels are covered. We note the 2021

* Weighting toward more difficult examples example produced a mean mark of just 18% and deserves close attention;

» Targeted at motivated students aiming for a Band 5 or 6 result e a number of geometric proofs specifically mentioned in the syllabus are reviewed,;
o Attempt, carefully review and annotate this revision set in Term 3 e other geometric proofs are revised, with NESA sample HSC and exemplar

e This question set provides the foundation of a concise and high quality questions providing direction for these selections.

revision resource for the run into the HSC exam.
Vectors and Projectile Motion

Our analysis on each topic, the common question types, past areas of difficulty e this topic area, when examined, will likely involve a high level of difficulty and a
and recent HSC trends all combine to create this revision set that ensures significant mark allocation, as evidenced by the 2021 exam’s 4-mark question;
students cover a wide cross-section of the key areas. e our revision focus is on the parametric vector equations of motion (functions of t).
A student’s conceptual understanding of maximum height, time of flight, range
IMPORTANT: Exposure to quality HSC questions multiple times is best etc.. are all key concepts reviewed;
practice revision and highly beneficial. Many top performing students attest to ¢ we note the NESA sample exam involved the Cartesian equation of motion (y as
the benefits of doing quality questions 2-3 times before the HSC. The resulting a function of x) and this is also reviewed; _
confidence and speed through the exam creates a virtuous cycle for peak o NESA exemplar questions borrow from past VCE exams and we have used this

performance. direction to select other similar VCE questions (© approved).

HSC Final Study: EXTENSION 1 MATHEMATICS
VECTORS: V1 Introduction to Vectors
Key Areas addressed by this worksheet

SmarterMaths HSC Teacher Edition

SmarterMaths is an affordable, simple to use, fully
online program for schools.

Operations With Vectors e Sort past HSC and other supplementary ”Smarte{‘Maths Is quick,
e the 2020-21 Ext1 exams both included 3 separate questions in this topic area. It ?hu;ztuons with the most powerful search tool out iR LGN LS W Pl
" L I N i . and produces worksheets
represents critical revision which is reflected in this worksheet; e e
e basic vector calculations, angles between vectors, unit vectors and projections e We analyse and incorporate your school's RAP focused on specific topics.
are all well covered. A graphical interpretation of a projection was required in data into the program at no extra cost.
2020 that warrants attention;
e solving problems using the equivalence of the two scalar dot product formulae e Produce high quality, differentiated revision ~John Sowden,
was not examined in 2020-21. We regard this as an important question type and worksheets in a few clicks. The King’s School
multiple examples look at this concept;
e we note that column vector notation dominates the worked solutions. In our view, Register for a free trial by visiting our website at

this helps students visualise calculations and minimise errors. www.smartermaths.com.au for your free trial.




EXTENSION 1 MATHS: 3. Vectors, EXT1 V12020 HSC 6 MC
2022 Comprehensive Revision Series
- VECTORS

V1 Introduction to Vectors
Operations With Vectors
Vectors, Force and Velocity
Vectors and Geometry
Vectors and Projectile Motion

The vectors a and 2 are shown.

Exam Equivalent Time: ~120 minutes (based on HSC allocation of 1.7 minutes approx. per mark)

Questions

1. Vectors, EXT1 V1 SM-Bank 16 MC
Thevectors a = 2i + mj and b = mzz — Jj are perpendicular for
Am= —2andm=20
B.m=2andm=20

Cm= ——adm=0
2

Dm=—andm=0
m= 5 and m

2. Vectors, EXT1V1 2020 HSC 4 MC

Maria starts at the origin and walks along all of the vector 21' + 3j, then walks along all of the vector

3i — 2j and finally along all of the vector 4i — 3j.

How far from the origin is she?

A VTT

B. 85

C. 2/I3+ 43

D. V5+ V7++/I3




4. Vectors, EXT1V12021 HSC 1 MC 6. Vectors, EXT1V1 2020 HSC 9 MC
. - -3 y=e 2 e g . 6 . (4
Giventhat OP = 1 and OQ = 5 ,whatis PQ? The projection of the vector ; ontotheline y = 2x is g )

A < 1 > The point (6, 7) is reflected in the line y = 2x toapoint A.

What is the position vector of the point A?

B. (—61) <162>
< (1) s (2)
A ;

D

X
(7)
(7)

5. Vectors, EXT1V1 2021 HSC 5 MC

—_— —_
For the two vectors OA and OB itis know that

—_— —

OA -OB <0
Which of the following statements MUST be true?

— — — —
A. Either, OA isnegative and OB is positive,or OA is positive and OB is negative.
— —

B. Theangle between OA and OB is obtuse.
—
OB

—
C. Theproduct |OA

is negative.

D. The points O, A and B are collinear.




7. Vectors, EXT1V1EQ-Bank 4 MC

— —
The diagram shows a grid of equally spaced lines. The vector OA = a and the vector OH = ﬁ The

point Q is halfway between F'and H.

—
Which expression represents the vector EQ?

1o
A ——a+ —h
PR
11
B. —a——h
257 37
11
C. —a+=h
PR
1
D. —a+h

8. Vectors, EXT1V12020HSC 11b

a 2a — 3
For what values(s) of a are the vectors < 1) and ( 5 > perpendicular? (3marks)

9. Vectors, EXT1V1EQ-Bank 4
Letthevectors a = 4i — j, b=3i+2jand c = —2i + 5.
i. Calculate a - (g + E) (1 mark)

ii.Verifyg- (2"‘ £) =a- g + a- ¢ (1mark)

10. Vectors, EXT1V1EQ-Bank 7
Thevectors a = 61+ 2j, b=i—5jand ¢ = 4i + 4j

Find the values of m and n such that ma + né = C. (2marks)

11. Vectors, EXT1V1EQ-Bank 27
A B

&)

OABC are the vertices of arhombus.

Prove, using vectors, that its diagonals are perpendicular. (2marks)

12. Vectors, EXT1 V1 SM-Bank 20
Consider the vector a = i + v/3j, where i and j areunit vectors in the positive direction of the x
and y axes respectively. ) )
i. Find the unit vector in the direction of a. (1mark)
ii. Find the acute angle that a makes with the positive direction of the x-axis. (1mark)
iii. The vector b = mi — 2j.

Given that 2 is perpendicular to g,ﬁnd the value of m. (1mark)




13. Vectors, EXT1V1EQ-Bank 28 16. Vectors, EXT1V1EQ-Bank 3

A projectile is fired from a canon at ground level with initial velocity 4/300 ms~1 at an angle of 30° to 3
pro) . g Y & Aforce described by the vector F = newtons is applied to a line [ which is parallel to the
the horizontal. ~ 6
d%x 2 4
The equations of motion are d_2 =0and d_;) = —10. vector 3 )
t 1

i.Showthat x = 15¢. (1mark) i. Find the component of the force F in the direction of /. (2marks)

ii. Show that y = 5+/31 — 5¢2. (2marks) ii. What is the component of the force F' in the direction perpendicular to the line? (1mark)

iii. Hence find the Cartesian equation for the trajectory of the projectile. (1 mark)

17. Vectors, EXT1V1EQ-Bank 5

14. Vectors, EXT1V12021 HSC 13b Using vectors, calculate the acute angle between the line that passes through A(1, 3) and B(2, — 6)

When an object is projected from a point 1 metres above the origin with initial speed V m/s at an angle and the line that passes through C(1, 5) and D(3, - 2).

of @° tothe horizontal, its displacement vector, f seconds after projection, is Give your answer correct to one decimal place. (2 marks)

r(t) = (Vtcos 0)i + ( — 5t> + Vtsin® + h)j. (DoNOT prove this)

A person, standing in an empty room which is 3 m high, throws a ball at the far wall of the room. The

ball leaves their hand 1 m above the floor and 10 m from the far wall. The initial velocity of the ball is 18. Vectors, EXT1V1EQ-Bank 6
12 m/s at an angle of 30° to the horizontal. N SN
Point C lieson AB suchthat AC = 1AB.

Show that the ball will NOT hit the ceiling of the room but that it will hit the far wall without hitting the
floor. (4 marks) i. Express ¢ intermsof a and !z (2 marks)

—
ii. Hence or otherwise, show that BC = (1 — ﬂ)(g - Q) (1 mark)

15. Vectors, EXT1V1EQ-Bank 2

In the diagram below, ROT is a diameter of the circle with centre O. 19. Vectors, EXT1V1SM-Bank 13
S is a point on the circumference. Given a = 4i — 3j and b = 7i — j, whatis the magnitude of the projection of a onto b.Give your

answer in simplest form. (3marks)

20. Vectors, EXT1V1SM-Bank 18

R r 0 t r If 0 is the angle between @ = i + 3j and b = 3i + j, thenfind the exact value of cos 26. (2marks)

Using the properties of vectors rs and £, show that 2/RST isaright angle. (2marks)




21. Vectors, EXT1V1SM-Bank 21

Relative to a fixed origin, the points A, B and C are defined respectively by the position vectors

a= —i—j, b=3i+2jand ¢c = — ai+ 2j,where a isareal constant.

T
If the magnitude of angle ABC is 3 find a. (3marks)

22. Vectors, EXT1 V1 EQ-Bank 26

OABC is aquadrilateral.
P, O, R and § divide each side of the quadrilateral in half as shown below.

A (Y B

Prove, using vectors, that PQORS is a parallelogram. (3marks)

23. Vectors, EXT1V1SM-Bank 25
Consider the vectorsgivenby a = mi + j and b = i + mj,where m € R.

Find the value(s) of m if the acute angle between a and Q is 30° (2 marks)

24. Vectors, EXT1V1SM-Bank 23

A fireworks rocket is fired from an origin O, with a velocity of 140 metres per second at an angle of &
to the horizontal plane.

The position vector ﬁ(t), from O, of the rocket after ¢ seconds is given by
s = 140t cos 0i + (140t sin 0 — 4.9¢%) j

The rocket explodes when it reaches its maximum height.

i. Show the rocket explodes at a height of 1000 sin® @ metres. (2marks)

ii. Show the rocket explodes at a horizontal distance of 1000 sin 20 metres from O. (1 mark)

iii. For best viewing, the rocket must explode at a horizontal distance of 500 m and 800 m from O, and at
least 600 m above the ground.

For what values of @ will this occur. (3marks)




25. Vectors, EXT1V1SM-Bank 8

A projectile is fired horizontally off a cliff at an initial speed of V metres per second.

— V ms™!

—a,—
/
/

The projectile strikes the water, [ metres from the base of the cliff.
Let g be the acceleration due to gravity and assume air resistance is negligible.

i. Show the projectile hits the water when

2d
= — (2 marks)
8

ii. If [ equals twice the height of the cliff, at what angle does the projectile hit the water? (2 marks)

iii. Show that the speed at which the projectile hits the water is

24/dg metres per second. (1mark)

26. Vectors, EXT1V1 2021 HSC 14a

A plane needs to travel to a destination that is on a bearing of 063°. The engine is set to fly at a
constant 175 km/h. However, there is a wind from the south with a constant speed of 42 km/h.

On what constant bearing, to the nearest degree, should the direction of the plane be set in order to

reach the destination? (3marks)

27. Vectors, EXT1V1SM-Bank 31

Adroneis set to fly west at 38 km/h.

A cross wind diverts its path so that it travels with a speed of 45 km/h in the direction shown below.

N

45

120°

Calculate the speed, to one decimal place, and the bearing of the cross wind, to the nearest degree. (3

marks)

28. Vectors, EXT1V12021 HSC 14c
i. For vector v, show that vy = IKlZ' (1 mark)

— —
ii. In the trapezium ABCD, BC'is parallel to AD and |AC| = |BD|.

B C
NOT TO

SCALE

A¢ *D

— — — —
Let a = AB, b = BC and AD = kBC, where k > 0.

Using part (i), or otherwise, show 22 . Q + (1 - k)‘!z|2 = 0. (3marks)

Copyright © 2004-21 The State of New South Wales (Board of Studies, Teaching and Educational Standards NSW)




Worked Solutions

1. Vectors, EXT1 V1 SM-Bank 16 MC
alb = a-b=0

a-b=2m*+m(-1)

0=2m>-m

0=m@2m-1)
0 1
om=0, m=—
2

=>D

2. Vectors, EXT1V1 2020 HSC 4 MC
()+(5)+(5)
vV = + +
~ 3 -2 -3
-(%)
T\ -2
| = /9% + (-2

= 85

> B

3. Vectors, EXT1V1 2020 HSC 6 MC

Q
=
w
®
o
wnn
Q
P
s
ﬁ
1
Q
=
wn

4. Vectors, EXT1V12021 HSC 1 MC

"
-(3)

5. Vectors, EXT1V12021 HSC5MC
—_— —
OA -OB <0
—||—
|OA||OB'COSG <0

cosd <0

If cos @ < 0, @ is in 2nd quadrant (obtuse).
=> B




6. Vectors, EXT1V12020 HSC 9 MC 8. Vectors, EXT1V12020HSC 11b

Graph the projection and reflection: <a ) <2a - 3> 0
-1 2 B
A 39 /y:l aa-3)+(-1)x2=0
9 =
/4.8 20 —3a-2=0
7 / ~\~ 67’-) _
/ Qa+1D@a-2) =0
SLa= ——or?2
/ 2
/
/
< V >
i ] : 9. Vectors, EXT1V1EQ-Bank 4
()2 () (D)
- B ~ \-1) ~ 2/ - 5
era=(3)+(3)-()
-~ 2 5 7
7. Vectors, EXT1V1EQ-Bank 4 MC 4 1
a-(bre)={_ ),

S

v

S
1l

Ax1)—(>1x7)

[ e _<4>-<3> (4)(3)

1 i.a-b+a-c= +
5 ¢ ~ o -1 2 -1 5
0 =@4x3)-(1x2)+@lx —2)—(1x5)
o G H = -3

% % =a-(b+¢)

EG = ~h-+
T2~ R




10. Vectors, EXT1V1EQ-Bank 7 11. Vectors, EXT1V1EQ-Bank 27

ma + ng =c Since OABC is a rhombus

() () () ol

bm+n=4 ...(1) OB =a+c
2m —5n =4 ...(2) A_C)
=c—-ua

Multiply (2) x 3
6m — 15n =12 ... (3)

Subtract (1) — (3) _

]
1on=-8 = n= - - OB LAC

1
Substitute n = — 5 into (2):

5
2 — =4
m+2
3
m= —
4




12. Vectors, EXT1 V1 SM-Bank 20
ia=i+ V3j

Jaf = y/1+ (v3)" =2

~ a 1
=== —(i + \/3)
lg 2V -
ii. Solution 1

a = Position vector from O to (1, /3)

tand = /3
s 0 = 60°
Solution 2

Angle with x-axis = angle with b =i
a-i=1x1=1
a1 =|d|icos®

1=2x%x1Xcosf

cosf = l
2
s 0 = 60°
iiil. b=mi—2j

cre (1] [1]nese

Sinceglé:
m—2y3=0
m =243

13. Vectors, EXT1V1EQ-Bank 28

300 ms™!

I~

. 3
x = 4/300 cos 30° = 104/3 X % =

x=/15dl‘= 15t + G,

When t =0, x=0 = C; =0
Sox = 15¢

ii.y=/—10dt= — 10t + C;

When t =0, y = 104/3sin30° = 5v/3 = C; = 53

3 =5v3— 10

y=/ydt=5\/§t—5t2+C2

When t =0, y=0 = G =0
Sy = 54/3t = 5¢°

iii. x =15t > t=i

15
X x \2
y=5vix g5 -5(55)
V3 X

..y:Tx—4—5




14. Vectors, EXT1V12021 HSC 13b .. Ball will hit the wall on the full.

Yy
3_ ____________________
15. Vectors, EXT1V1EQ-Bank 2
27 12 m/s
N 30° |L| = |£| = |r| (radii)
r= -t
0 " RS=5-1I
7S =51
) = (Vtcos 0)i — 5¢2 4 Vtsin@ + h)j
(1) = (Vicos 0)i + ( — 5¢* + Visin +){ R.Ts=(s—r) (s—1)
(@ = Vcos®i+ (- 10t+Vsin0){' _ (s—r (s+r) (using r=—t)
Max height occurs when y = 0: — 5 (S+ r) _ (s+ r)
10t = Vsin 6 =s5-Stsr—r-s-r-r
_ 12 X sin 30° 2 2
- 10 =|E| = 7]
= 0.6 sec =
Find y when 7 = 0.6: RS LTS
y = —5(0.6)* + 12 x 0.6 x sin30° + 1 . ZRST is aright angle.
=28m<3m

.. Ball will not hit ceiling.

Find time of flight when y = 0:
52 +61+1=0
522 -6t—1=0

_6+(-6"+4-5-1
a 10

t

_ 6+4/56
10
= 1.348...

Find x when ¢ = 1.348:

12 x 1.348 x cos 30
14.0 > 10

X




16. Vectors, EXT1V1EQ-Bank 3 17. Vectors, EXT1V1EQ-Bank 5

() =) Gre (e )
£=ﬁ=ﬁ=%z=<g:2> 5=9—E=<—26>_<;>=<—19)
() 3smc- (1)) (1)

= +6x0.6
_ —_ —
= AB - CD
cosl T = —
|AB| : 'CD'
proj, F = (F -9)9
s (£-D)% _2+63
_ <0.8> V82 - /53
0.6 = 0.985...
3 <4.8>
~\36 o
.0 = cos™ 0.985...
= 9.605...

ii. Componentof F L/
B (3) (4.8)
-~ \6 3.6
_ (—1.8>
-\ 24

=9.6° (to 1d.p.)




18. Vectors, EXT1V1EQ-Bank 6 19. Vectors, EXT1V1SM-Bank 13

=ib+(-MNa-b 10

=1 -MDa+@A-1b
=1 -MDa-0-Db
= -2(a-b)




20. Vectors, EXT1V1SM-Bank 18 21. Vectors, EXT1V1SM-Bank 21

1 3 e —_> V4
a:[ ], b=[ ] Angle between BA andBC:g
~ 31 ~ 1

— — —
la| = V12 + 3 = yTO BA = OA — OB
|| = V3 + 17 = yTO I et I 0 I B
-1 2 -3
6—1X3+3X1
cosf = JTOVI0

— —>
BC = OC - OB

-[-E-

3
5

cos20 = 2cos’* 0 — 1

=232—1 — — _ —4. —a—-3
; BA-BC=|_, 0
=_27_5 —da+12
—

— — |—
BA - BC = |BA| : |Bc|cosa

4a+12=\/(—4)2+(—3)2-\/(—a—3)2-cos§

1
da+12=5(-a~3) 5

Sa 15
da+12= — — - =
a + ) )

13a 39
2 2

Sa= -3




22. Vectors, EXT1 V1 EQ-Bank 26

—
Consider diagonal OB:

—_— > > S —>
OB = OA + AB =0C + CB

—_— — 1/ — — 1
PO = PA +AQ = E(0A+AB) -

— —_— —> 1/ — — 1
SR=SC+CR=5<OC+CB)=2

—_— —
- PO = SR

—
Consider diagonal AC:

— —_— — —_— —
AC = AB + BC = A0 + OC

— —_— —> 1/ — —
QR:QB+BR:5(AB+BC>:

—_ > —> 1/ — — 1
PS=P0+OS=E<A0+OC)=2

—_—  —
. OR =PS

Since PORS has equal opposite sides,
PQRS is a parallelogram.

23. Vectors, EXT1V1SM-Bank 25

b=mx1+4+1xm

1

2m

1

b = ajeos 30

=vVm’ +1-vV1+m”-cos30°

(m* +1)v3
2
(m2+1)\/§=2m
2
m*\/3 4+ /3 = 4m
m*\/3 —4m+ /3 =0

(\/§m)2 —4(v3m) +3=0
(V3m)* = 4(v3m) + 22 =1 =0

(V3m—-2)>-=1=0
V3m—-2= +1
V3m =2+ 1
21 _3 1
.m= = — —
V3 V3 V3
1
=3, —
35




63.4° < 0 <75°

24. Vectors, EXT1V1SM-Bank 23
When 6 = 26.6°:
i. s = 140tcos0i + (140tsin @ — 4.91%)j
~ Max height = 1000 - sin® 26.6°

v = 140 cos 8i + (140 sin 8 — 9.8¢)j
~ ~ ~ = 200.5 metres ( < 600 m)
Max height occurs when j component of v = 0

= Highest max height for 15° < 0 < 26.6° does not satisfy.
0 = 140sin 6 — 9.8¢

;= 140sin0 When 0 = 63.4°:
9.8
Max height = 1000 - sin® 63.4°
. . 140 sin 0
Max height: j component of s when 7 = 93 = 799.5 metres ( > 600 m)
. 2 .2 : o o :
Max height = 140 sin 6 - 140 sin 0 49 1402 sin” @ = Lowest max height for 63.4° < 6 < 75° satisfies.
9.8 9.8 S 634° <60 <L 75°
= 2000 sin> @ — 1000 sin” ¢
= 1000 sin* 0
ii. Horizontal distance (d):
; 140 sin 0
= icomponent of s when 7 = o3
140 sin 0
s.od =140cos @ - ———
cos 08
_ 140 X 70 X sin 26
a 9.8
= 1000 sin 26
iii. Using part ii,

500 < 1000 sin 20 < 800
0.5 <sin260 < 0.8

In the Ist quadrant:

30° < 20 < 53.13°
15° < 6 <£26.6°

In the 2nd quadrant:
126.87° < 20 < 150°




x = i component of v

25. Vectors, EXT1V1SM-Bank 8 -V
i. v=Vcosbi+ (Vsin — g1)j 5
= Vcos0i + (Vsin0 — gn)j Whent=1/?,
=Vi-gy i component of s = 2d
s = [vdt 2d
~ /N 2d =V - 4| —
§
— Vii— tej+e
- RET 8 S Ve
~ v TV
Whent=0,£=0,c=0
\/2d
Time of flight: tan @ = M = v =1
. |x] 2dg
jcomponentof s = —d
B 0 = 45°
—%gt2 = —-d
5 iii. Speed = magnitude of velocity
,_ 2
2==
2 2
8 v = \/(v/2dg)" + (y/2d3)
2d e

=2\/0Tg

ii. [ =2d (given)

Projectile hits water at 6:

S

X

y = j component of v

|

|

oQ
By

I

|
%‘
QU

)




26. Vectors, EXT1V12021 HSC 14a

y
Uty
2
0
~163° 175
X
u = (175sin 6, 175 cos 0)
v=1(0,42)
u+y= (175sin @, 175 cos 0 + 42)
175 sin @
Stan63° = ————
an 175 cos 6 + 42
(175 cos 0 + 42)tan 63° = 175 sin @

175 cos @ tan 63° + 42 tan 63° = 175sin 0
175sin @ — 175 cos @ tan 63° = 42 tan 63°
S — cos 0 sin 63° _ i sin 63°
cos 63° 25 cos 63°

sin @ cos 63° — cos 6 sin 63° = % sin 63°
sin(f — 63°) = 0 sin 63°
T 25

6
0 — 63° = sin”! <E sin 63°>
0 — 63° = 12°

S0 rT5°

+¢ Mean mark 31%.

27. Vectors, EXT1V1SM-Bank 31

u~+ v =(-45sin30, 45 cos30)
4
(~ms. 5)

Z=(_3870)’ v=(xsy)

() ()=()

453

tanf _ 2 _ 9514
155

0 = 68.3°

.. The crosswind has a speed of 41.9 km/h on a bearing of 022°.




28. Vectors, EXT1V12021 HSC 14c

X
i.Let3:< )
y

o] = /" +
2 2
voy=x+y=(\F+7) =y
. 2
ii. Show 22 . !3 + (1 - k)|L7| =0 444 Mean mark part (ii) 18%.
— —
|

|a+ 2l =k~ 4
ja+ o = kb~ of
(¢+Db)(a+b) = (kb - a)(kb - a) (sceparta)
a-a+2a-b+b-b=kb-b-2%a b+a-a

1S
I
o

2a-b+ka bbbk

1S

2a - b(L+k)+b-b(1-k) =0
2a -b(1 +k)+b-b(1+k(1 -k =0

2a- b+ (1= Klp =0

Copyright © 2016-2022 M2 Mathematics Pty Ltd (SmarterMaths.com.au)




